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1 Introduction

Harmonic analysis is concerned with the representation of functions by trigonometric sums or
integrals. These trigonometric representations are usually referred to as Fourier series or Fourier
integrals. Harmonic expansions have proven to be useful in such diverse fields as astronomy,
acoustics, optics, signal processing, image processing, and data compression. In this paper we will
discuss some of the practical aspects involved in using these expansions. The material in these
notes is based largely on the work of Cornelius Lanczos [7, 8]. The discussion of Fast Fourier
Transforms draws heavily on the material in the book Numerical Recipes [11].

1.1 Historical Background

Trigonometric expansions have a long history. The early work in the eighteenth century was fo-
cused primarily on the solution of two problems. The first was the vibration of a taut string an-
chored at both ends. The second was the interpolation of planetary orbits between observation
points.

D’ Alembert (1747) derived the following wave equation for the vibrating string problem

,0%u  d*u
e =—
ox2  0t?

(1.1)

where u is the displacement of the string and c is a constant related to the tension of the string. He
showed that a general solution to this wave equation is given by

u(x,t) = f(ct + x) + g(ct — x) (1.2)

where f and g are arbitrary twice differentiable functions. Since the displacement at the end x = 0
is zero, it follows that g = — f, i.e.,

u(x,t) = f(ct + x) — f(ct — x). (1.3)

Since the displacement af the other end x = L is also zero, it follows that

f(ct+ L) = f(ct—1L) (1.4)

and hence that f is periodic with period 2L. He gave several examples of periodic functions that
could be used for f including the trigonometric functions.

In 1749 Euler proposed using the function f(x) = sin “* in D’ Alembert’s solution, yielding

u(x,t) = f(ct +x)— f(ct —x) = 2sin%cos nJIcht. (1.5)

He also pointed out that any linear combination of solutions of this form is also a solution.



Daniel Bernoulli (1753) suggested that the infinite series expansion

o
nmwx nmct
u(lx,t) =2 a, sIn —— CcoSs
(x.1) ; sin — -

(1.6)

is a general solution of D’ Alembert’s wave equation with fixed end conditions, and hence that any
initial shape function could be expanded in terms of an infinite series of sine functions. Lagrange
(1759) discretized the vibrating string and obtained a discrete sine series as a solution.

In 1777, Euler, working on a problem in astronomy, obtained the coefficients of a cosine series
using orthogonality. That is, he used the orthogonality relations

L 0 form # n
MTX  NuX
/ cos cos—dx =4qL/2 form=n#0
o L L
L form=n=20

to show that the coefficients in the series

nmwx

o0
1
f(x) = an—l—;ancos 7

are given by

5 (L
an:Z/o f(x)cos?dx.

Euler, Lagrange, Clairaut, and others used trigonometric sums to interpolate planetary orbits be-
tween a given set of observation points. Problems of this type lead naturally to periodic functions.
Since there are only a finite number of observations, the computation of the coefficients in the
trigonometric interpolation expansion led to what we now call the Discrete Fourier Transform.
Clairaut (1754) is credited with providing the first explicit formula for the DFT. He considered
functions with even symmetry which lead to discrete cosine expansions. As we saw previously,
Lagrange (1759) employed discrete sine expansions. Gauss (1805) wrote a paper on trigonometric
interpolation that handled the general case and also contained a fast algorithm for computing the
DFT [6]. His algorithm is equivalent to what is now called the Fast Fourier Transform (FFT). A
number of authors have rediscovered the FFT since the time of Gauss. In particular, Lanczos and
Danielson (1942) published a nice FFT algorithm for 2" samples that will described in a later sec-
tion [4]. In 1965 Cooley and Tukey published an FFT algorithm for any composite integer number
of samples [3]. Although a number of mathematicians discovered the FFT prior to the paper by
Cooley and Tukey, it was certainly this paper that triggered the widespread usage of the FFT.

Trigonometric series are now named for Fourier, but we have seen that a number of mathematicians
used series of this type prior to Fourier. Fourier did, however, make a number of important con-
tributions to harmonic analysis. Fourier (1822) looked at the problem of describing the evolution
of the temperature 7'(x,?) in a thin wire of length 7 stretched between x = 0 and x = w when
the ends are held at zero temperature. He proposed that the initial temperature 7' (x, 0) could be



expanded in a series of sine functions
o0
T(x,0) = Zan sinnx (1.7)
=1

where 5 p
a, = —/ T(x,0)sinnx dx. (1.8)
T Jo

He then showed that the solution to the heat equation with these boundary and initial conditions is
given by

o
T(x,t) = Zane_”zt sinnx. (1.9)
=1

In deriving this expression, Fourier used D. Bernoulli’s method of separation of variables, a tech-
nique widely used today. Fourier recognized that the initial temperature distribution could contain
jump discontinuities unlike the initial shape function in the string problem. He suggested that even
discontinuous functions could be expanded in trigonometric series. He also recognized that an
infinite series expansion could represent a function in an interval and disagree with it outside that
interval. Although Fourier was not the first to employ Fourier series expansions, he was the first to
define and use the Fourier integral.

As we have seen, a number of mathematicians (Euler, Lagrange, Bernoulli, Clairaut, Fourier, etc.)
employed trigonometric expansions to solve various problems. However, the arguments used to
support these expansions were more intuitive than rigorous. Dirichlet (1829) examined more care-
fully the convergence of Fourier series expansions. He showed that the N — th partial sum of a
trigonometric expansion could be written as

L [T sin(N + 1/2)t
Sw(x) = _/_,, sint/2

f(x —t)dt. (1.10)

2
Using this he was able to show that a function defined on an interval could be expanded in a
Fourier series if it was piecewise continuous and had bounded variation. A function f defined on
an interval [a, b] is said to have bounded variation if there exists a constant B such that for any
partitiona = xo < x; < --+- < xy = b of the interval [a, b] we have

N

S 1fGa) = flxis)| < B.

i=0

Jordan showed that a function has bounded variation if and only if it can be expressed as the
difference of two non-decreasing functions.

Fejér (1904) applied a different method for summing infinite series that greatly extended the va-
lidity of harmonic expansions. He showed that it is only necessary to require that f is absolutely
integrable on [—z, ] if summation of the series is defined differently. He called an infinite series
> 7, ax summable if the sequence

S1+8 Si1+85:+S;

S, ,
! 2 3




converges. Here S, is the n-th partial sum §, = ZZZI ar. It can be shown that a series that
converges in the conventional sense is also summable with the same limit. There are, however,
divergent series that are summable. For example, the series expansion

1
=l—-x+x>—x>+...
I +x
is divergent at x = 1 where the right-hand-side becomes 1 — 1 + 1 —1 + .... However, it is

summable to the correct value 1/2.

As we have seen, harmonic analysis has a long history and has occupied the attention of many
famous mathematicians. This topic has also generated a great deal of controversy. Much of the
controversy centered around the question: What constitutes a function? Initially the concept of
a function was more like what we would call an expression. It included algebraic expressions,
expressions involving known functions such as sines, cosines and logarithms, and eventually in-
cluded some power series. Functions were often closely associated with physical quantities. For
example, D’ Alembert, in his study of the wave equation, would only consider functions that were
differentiable. Euler extended the function concept to include functions that could be graphed with
a pencil (without lifting the pencil). These functions were continuous, but could have discontinu-
ous slopes and could be defined by different expressions in different intervals. Fourier extended the
function concept to include functions with step discontinuities. Dirichlet, in addition to analysing
the convergence of Fourier series, also gave a definition of a function that is close to what we use
today. Thus, the concept of a function as well as other concepts like continuity and convergence,
grew out of the study of trigonometric expansions. Let us now look at some of the properties of
harmonic expansions.

2 Fourier Series

Let f be a real-valued function defined on the interval [—, r]. Then the Fourier series expansion
of f is given by

f(x) =3a0 + a1 cosx + azcos2x + ...

. . (2.1)
+ bysinx + bysin2x + ...
where
1 4
an = — f(x)cosnx dx (2.2)
T Jn
1 b
b, = — f(x)sinnx dx. (2.3)
big

—T



The functions sinnx and cosnx are orthogonal in the sense that

b1
/ sinmx sinnx dx =0 m #n

4

T
/ sinmxcosnxdx =0 forall m,n
—TT

b1
/ cosmxcosnxdx =0 m # n.

4

At a point x where there is a jump discontinuity, the series in equation (2.1) converges to [( f(x +
0) + f(x —0)]/2. Here F(x 4 0) and f(x — 0) are the limits of f(u) as u approaches x from
above and below respectively. I still find it remarkable that such a wide variety of functions can be
represented on an interval by Fourier series.

2.1 Exponential Form of Fourier Series

The Fourier expansion of f can also be written in the form

f)= )" cpe'™ (2.4)

where | g
Cp = — f(x)e " dx. (2.5)

21 J_,

The coefficients ¢, are generally complex. The functions e'"* are orthogonal in the sense that

b1
/ e e dx =0 m #n.

4

2.2 Change of Interval

In these notes we will generally restrict ourselves to functions defined on the interval [—m, 7].
Functions defined on other finite intervals can be reduced to this case by a linear change of variable.
For example, suppose a function f(x) is defined on the interval [a, b]. Consider the change of
variable

b—a a+b 2 a+b
= = - 2.
X o Y+ 2 or y - (x 7 ) (2.6)
where y lies in the interval [, r]. Let f be the function defined on [—, 7] by
A b—a a+b
1= s = 1(5r+ 7). @)
b4 2



The Fourier expansion of f can be written

o0
f(y) = Z cpe'™ (2.8)
n=-—00
where ¢, is given by
1 "o —in
cn=5-| f(ye Vdy. (2.9)
T J-m

Making the change of variables (2.6) in equations (2.8) and (2.9), we get

o) o)
f(X) — f(y) — Z cneiny — Z cne—inn(a+b)/(b—a)ei2nnx/(b—a) (2.10a)

n=—00 n=—00
b
¢, ¢ imnath)/(b—a) _ ; 1 / f(x)e™12mnx/(0=a) gy (2.10b)
J— a a
If we define
¢, = cne—inn(a+b)/(b—a)’ (2.11)
then we have
o
f(X) — Z é\neiZTrnx/(b—a) (2]23)
n=-—00
1 b ,
6,1 — b_/ f(x)e—12nnx/(b—a) dx. (212b)

Equations (2.12a) and (2.12b) define the Fourier series expansion of f on the interval [a, b].

2.3 Even and Odd Functions

The function f can be expressed as

f(x) = g(x) + h(x) (2.13)
where
g(x) = 3[f () + f(=x)] (2.14)
h(x) = 3[f(x) = f(=x)]. (2.15)
The function g is an even function in the sense that g(—x) = g(x). The function /4 is an odd
function in the sense that h1(—x) = —h(x). Moreover, if f has a Fourier expansion like that in
equation (2.1), then
g(x) = Jao +aycosx + arcos2x + ... (2.16)
h(x) = bysinx + bysin2x + ... (2.17)



and

2 b1

an = —/ g(x)cosnxdx (2.18)
T Jo
2 b1

b, = —/ h(x)sinnx dx. (2.19)
T Jo

If the function f is defined on the interval [0.7], then it can be extended to the interval [—m, 7] as
either an odd function or as an even function. Thus, f can be represented on [0, 7] in terms of a
cosine series or a sine series.

2.4 Rate of Convergence

In numerical computations we are not only interested in the convergence of an infinite series, but
also in the rate at which it converges. Suppose f is an infinitely differentiable function on the
interval [—z, 7] that can be expanded in a Fourier series

f(x) = Z cne (2.20)
n=—o00
with coefficients ¢, given by
| -
Chn = — f(x)e " dx. (2.21)
2 J_,

Integrating the right-hand-side of equation (2.21) by parts three times, we obtain

(="

[f() = f(== )]+ [f( )= f(=m)]—-

l( [f”() f”(—yr)]—l—nL3 3 " (x)e™ " dx. (2.22)

2wc, =

We can learn a lot about the rate of convergence of the Fourier series from equation (2.22). If
f(—m) # f(m), then the periodic extension of f will have jump discontinuities at the end points
of the interval and the convergence rate will be 1/n. However, if f(—m) = f(m), the extension
will be continuous and the convergence rate will be at least 1/n2. If, in addition, f'(—-m) = f'(),
then the periodic extension will have a continuous derivative and the convergence rate will be
at least 1/n3. Thus the convergence rate depends strongly on the smoothness of the periodic
extension of /. Knowing this, it is often possible to increase the convergence rate by modifying the
function in such a way as to increase the smoothness of the periodic extension. Several examples
of this will be shown later. A particularly important example is shown in subsection 4.4.1 dealing
with the calculation of impulse responses.

Let us now look at the rate of convergence of Fourier Sine and Cosine expansions. Suppose f is
defined on [0, r]. If we extend f to [—m, ] as an even function, then f can be expanded in a
cosine series, i.e.,

f(x) = 2ao+aicosx +azcos2x + ... (2.23)

10



The coefficients a, are given by

an = 2 /n f(x)cosnxdx. (2.24)
T Jo

Integrating equation (2.24) by parts twice, we obtain

T D= 1O

y =
2 n2

1 b1
n_2/0 f"(x)cosnx dx. (2.25)

Unless f satisfies certain end conditions on [0, 7], a cosine expansion of f will converge like
1/n2.

Suppose f is extended as an odd function. Then f can be expanded in a sine series, i.e.,
f(x) =bysinx + bysin2x + ... (2.26)

The coefficients b, are given by

b, = 2 /n f(x)sinnx dx. (2.27)
T Jo

Integrating equation (2.27) by parts three times, we obtain

7, SO (DS )= 01
27" n n3 n3

/ﬂ f"(x)cosnxdx.  (2.28)
0

Unless f satisfies certain end conditions on [0, 7], a sine expansion of f will converge like 1/n.
However, if f(0) = f(r) = 0, then a sine expansion converges like 1/n3. In general f will not
vanish at 0 and 7r. However, we can easily modify f so that it does. The linear function u defined

by
u(x) = £(0) + Mx

has the property that u(0) = f(0) and u(xw) = f(;r). Therefore, the function f — u vanishes at 0
and 7 and hence can be expanded in a sine series with convergence rate 1/n°>.

(2.29)

2.5 Differentiation of Fourier Series and Sigma Factors

Suppose f has the Fourier expansion

o0
f(x) = Z cpe'™. (2.30)
n=-—00
Let f,, be the partial sum defined by
m—1 .
Jm(x) = Z cpe'™. (2.31)

n=—(m-—1)

11



The residual 7, is defined by

oo

Nm(x) = Z(cnei”x + c_pe i), (2.32)

n=m

Equation (2.32) can be rewritten as follows:

o0 o0
N = eimx Zcm+neinx + e—imx Zc_m_ne—inx' (2.33)
n=0 n=0
Define ¢,, and ¥, by
w .
Pm(X) =Y Cmyne™ (2.34)
n=0
w .
Ym(X) =) e " (2.35)
n=0

Then Equation (2.33) can be written
N (X) = €™ (x) 4+ e 7™ Y (x). (2.36)

The functions ¢, and v, are generally smooth functions which do not show any rapid oscillations.
On the other hand, ¢?* and e~ are rapidly oscillating functions when m is large. Thus, the
error behaves like a modulated carrier wave of high frequency. If we formally differentiate f,, and
compare it with f’(x), we obtain the error

o, (X) = ime"™ g (x) + ™ @l (x) — ime " Y (x) + e 7Y (). (2.37)

The primed terms arise from differentiation of the modulation and do not cause any serious diffi-
culty. However, the other terms contain the factor m that comes from differentiating the carrier. For
large m these terms can be significant. In fact they can cause the differentiated series to diverge.

Suppose we replace the process of differentiation by the following central difference process:

f e+ /m) = fx =7 /m)

Dy f(x) = 2.38
m f(x) 2 m (2.38)
For large m, D, is a good approximation to the derivative. Since
e:l:im(x:l:n/m) — _e:I:imx’ (239)
it follows that . .
Dunm(x) = —€"™ Dy Py (x) — 7" Dy Y (X). (2.40)

Notice that there are no factors of m in this expression since the operator D,, picks out two points
on the carrier wave that are in phase (+180° away from the phase at x). Moreover,

inx SIN(nTT/M)

Dpe'™ =ine o/ m (241)
Dme_inx — _l-ne—inx % (242)

12



Therefore, to apply D,, to the sum defining f,, in equation (2.31) we can differentiate the sum
formally term by term and then apply the factor
sin(nm/m
5, = Sin(nz/m) (2.43)
nmw/m

to the terms corresponding to £=n. The factor 0, is 1 for n = 0 and then decreases monotonically
with increasing n. It is almost zero at the highest subscript m — 1. Figure 2.1 is a plot of 0, vs. n
for m = 30.

1.0 =

0.8 | x i

0.6 | . ,

04| x ,

02} § i

Figure 2.1: Plot of 0, vs. n for m = 30.

This attenuation of the higher harmonics counteracts the tendency for the series to become diver-
gent. Since any function can be considered as the derivative of its integral, sigma factors can be
applied to any Fourier expansion in order to increase its convergence rate. We will look at the
effect of applying these sigma factors in the following examples.

Example 1. The formal fourier series of a delta function is given by

1
§(x) = —(3 +cosx +cos2x +...). (2.44)
P

This series does not converge at any point. If sigma factors are applied to the first m terms of this
series, we get

1
Om(x) = ;(% 4+ 01€C0S X 4+ 0, 082X + -+ + O;—1 cOS(M — l)x). (2.45)

A plot of this function for m = 30 is shown in figure 2.2.

In addition to converting divergent Fourier series into convergent ones, sigma factors can also be
used to increase the convergence rate of a slowly convergent Fourier series.

13
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Figure 2.2: Approximation of delta function using sigma factors.

Example 2. Consider the square wave defined by

f(=x) = —f(x)
fx)y=31 (0O<x<mn) (2.46)
f(0) = f(w) =0.
This function has the slowly convergent Fourier series expansion
5 . .
Fx) = ;(Sinx N sm33x N smSSx N ) (2.47)

Figure 2.3 shows the approximation to the square wave using 30 terms in the above series. Notice
the Gibbs phenomena near the discontinuities where the approximation overshoots the square wave
and then rings for a while. Figure 2.4 shows the approximation obtained using Fejér’s arithmetic
mean summation method. This method removes the Gibbs phenomena, but is slowly convergent
near the discontinuities. Figure 2.5 shows the effect of applying sigma factors to the approxi-
mation. This cuts down the Gibbs phenomena considerably and has better convergence near the
discontinuities than Fejér’s method.

Sigma factors can sometimes be used to obtain trigonometric series approximations to functions
that are not integrable. For example, the log function In x is integrable and has a Fourier series
approximation. The function 1/x is not integrable, but is the derivative of Inx. Thus, we can
differentiate the expansion of In x and apply sigma factors to obtain an approximation to 1/x.

14
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Figure 2.3: Fourier sine series approximation of square wave.
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Figure 2.4: Approximation of square wave using Fejér’s arithmetic mean method

15



0.6

0.4

©
N
T

|
o
[oe]
SN

Figure 2.5: Approximation of square wave using sigma factors

The sigma factor method can be looked upon in a different way. Instead of replacing the differen-
tiation operator dix by the difference operator D,,, we could instead replace the function f by a

locally smoothed function f defined by

w/m

fx) = 2ﬂ f(x +1)dr. (2.48)
T J—n/m
Differentiating (2.48), we get
d - m (7™ d m [T/m ,
Ef(X):E/_n/mEf(X—FI)dt:E _n/mf(x—i—t)dt
x+m/m _ —

- 2ﬂ Fyde = LEFTM = foema/m) oy (249)

T Jx—n/m n/m

Notice that as m increases, the interval over which f is averaged gets smaller and smaller.

Extension of the Concept of Convergence Usually when we talk about the sum of an infinite
series such as a Fourier series we are thinking of a fixed sequence of terms ay,as, ..., and we
define the sum to be the limit of the partial sums S, as n — oo. With the method of sigma factors
the weighted terms actually change as the number of terms in the partial sums increases. Thus, the

16



single sequence ap, as, ... is replaced by the triangular array
ai
az1 dz
asy dszz ds3
of terms. The partial sums S,, are now defined by
Sn =dau1 +an2--+ ann,

and the sum S is again defined as S = lim, .~ S,. This flexibility in adjusting the terms as their
number increases can often lead to better approximations for a given number of terms.

2.6 The Trapezoidal Rule and Fourier Series

One of the simplest methods for estimating the area under a curve is to connect equally spaced
ordinates by straight lines and to approximate the area under the curve by the area under the

polygonal line (see figure 2.6).

/\

X1 X2 Xn-1 Xn

Figure 2.6: Approximating the area under a curve using the trapezoidal rule.

This method is known as the trapezoidal rule since the area under the polygonal line is the sum of
areas of trapezoids, i.e.,

/xn Fodx =k {f(xl) +fx) | flo)+ f) SO F f(xn)]

2 2 2
h[% ) + fO) + o+ ) + 2 f(xn)]. (2.50)

17



In this section we will show the close connection between the trapezoidal rule and trigonomet-
ric expansions. We will use this connection to develop a modified trapezoidal rule with greater
accuracy.

Suppose f is defined on the interval [0, 1]. Let us expand f into a Fourier cosine series, i.e.,
f(x) = a0+ aycoswx + arcos2mwx + ... (2.51)

Using the trapezoidal rule we approximate the area A under the curve by the area A under the
inscribed polygon, i.e.,

_=H%f(0)+f(%)+-~+f(n

Substituting (2.51) into (2.52) and rearranging terms, we see that the coefficient of a¢ is one half,
the coefficient of the odd term a,r_1 1S

1= Qk — Dymx
ZZ (F52)

and the coefficient of the even term a»x 1s

2:4 (2kmn)

1) + %f(l)] . (2.52)

It can be shown that

1= 2k — mr) _
! 2_: ( ) _ 0 (2.53)

and
1 Zl 2kmm\ _ )0 for k not a multiple of n (2.54)
n “ |1 forka multiple of n. '
Therefore, )
A:%a0+a2n+a4n+.... (255)
The Fourier coefficient a is given by
1
ag = 2/ f(x)dx. (2.56)
0
Therefore,
1
=/ f(x)dx +aon +agn +.... (2.57)
0

It can be seen from equation (2.57) that the error in the trapezoidal rule depends on how fast
the Fourier cosine series converges. For many oscillating integrands the trapezoidal rule gives
surprisingly good results. Consider the function shown in figure 2.7. Looking at the curve you
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f(x)

Figure 2.7: Example function for trapezoidal integration.

would think that it would require at least 20 points to get an accurate value for the integral using
the trapezoidal rule. However, since the curve was generated by the formula

f(x) = cos(mx) —2cos(2mx) + 3cos(3mx), (2.58)

it only requires four points to get an exact value. We will now develop a more accurate trapezoidal
rule.

Integrating the expression for a,, by parts, we get

£ =110
4n?

1 1
Son = / Sf(x)cos(2nmx) dx = 4’112 / f"(x)cosnmx)dx. (2.59)
0 0

Thus, a,, converges like 1/n2 unless /(1) = f’(0). In general, f doesn’t have this property.
However, the modified function g defined by

fO= 110

§(x) = f(0) — =

(2.60)

does have the property g’(1) = g’(0). Therefore, we can use the trapezoidal rule on g and obtain
an approximation to the integral of f using

1 l L 1
/0f(x)dxi%[%g(O)—I—g(%)—I—---—I—g(nn;l)+%g(1)i|+w/0 x?dx

= a0 o) ror (T 2]+ LOZLOT
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If we substitute the definition of g from (2.60) into (2.61), we get

/Olf(x)dx s [0 s (N e s (L) tro] -

n
f'(1) — £(0) Z" , n? f'(1)— f(0)
2n® |:k=1k 2 i| ! 6 o

Since

Zkz _ nn + 1)6(2n + 1), (2.63)
k=1

equation (2.62) becomes

1 l _ {7
/f(x)dxil{%f(OH—f(l)+--~+f(n_l)+%f(l)]—w. (2.64)
0 n n n

n

By making a linear change of variable in the integral, we can show that

b_a)+%f(b)]—

n

LO—rw (b=
12 n

a b—a

b J—
[ reas = b—[%f(a>+f(a+7) +"'+f(a+(n—1)

n

2
) . (2.65)

This relation is known as the trapezoidal rule with end correction. It usually gives much greater
accuracy than the trapezoidal rule if the values of the derivative f’ at the end points are known or
can be accurately approximated.

Example 3. Suppose we want to approximate the following integral

4
/ e*dx.
0

The following table gives the function values of e* at increments of 0.5:
Table 2.1: Function values of e*

X e~

0.0 1.000000

0.5 1.648721

1.0 2.718281

1.5 4.481689

2.0 7.389056

2.5 12.182494
3.0 20.085537
3.5 33.115452
4.0 54.598150
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The exact answer for the integral is given by
4
/ e“dx =e* —1=153.59%15
0

The trapezoidal rule gives the approximate answer 54.71015. This corresponds to a relative error
of 2.075%. The trapezoidal rule with end corrections gives the approximate answer 53.59352. This
corresponds to a relative error of -0.0086%.

3 Chebyshev Polynomials

To expand a function defined on a finite interval in a Fourier series it is necessary to extend this
function in some way in order to make it periodic. The convergence of the series is governed by
how smooth we can make this extension. In practice it is usually difficult to get more smoothness
than continuity of the first derivative. In this section we will discuss a modified form of the Fourier
series that gets much better convergence rates.

3.1 Basic Properties

Suppose f is an infinitely smooth function on the interval [—1, 1], but has no special boundary
conditions. Let us make the change of variable

x = cosf 0<f6<nm 3.1

and define
¢(0) = f(cosb). (3.2)

The function ¢(6) is a genuine periodic function. Furthermore, ¢ is an even function that is
infinitely differentiable on the whole real line. We can expand ¢ in a Fourier cosine series that has
very good convergence properties, i.e.,

P(0) = %yo + Z Vi cos k6. (3.3)
k=1

By the addition formula for cosines, we have

cos(k + 1)0 = coskO cos 6 — sink6f sin 0
cos(k — 1)0 = cos kb cos O + sin k6 sin 6.

Adding these two equations, we obtain the recurrence relation
cos(k + 1)0 = 2cos 6 coskf — cos(k — 1)6. (3.4)

Define
Ti(x) = cos k6. (3.5)
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Then T (x) satisfies the recurrence relation

Tie+1(x) = 2xT(x) — Tr—1(x).

(3.6)

Moreover, it follows from the definition in equation (3.5) that 7o(x) = 1 and T7(x) = x. It follows
from equation (3.6) by induction that T (x) is a polynomial of degree k in x. The recurrence
relation (3.6) can also be used to calculate 7k (x) for a series of values of k. The polynomials
Ty (x) are called Chebyshev polynomials of the first kind. 1t is also easy to see from the recurrence
relation that the highest power of x in Ty (x) has the coefficient 2¥~'. We will now derive an
expression for the remaining polynomial coefficients. Differentiating equation (3.5), we have

sinn6 ,cosnt cos 6 sinn6

T/ (x) =n and T/(x) = —n n
2 n () sin” @ sin® @

sin
It follows that 7, (x) satisfies the differential equation
(1—x%)y" —xy +n*y =0.

Let us denote the coefficient of x™ in T, (x) by c;, , i.e.,

T.(x) = Z cp X
m=0

Substituting equation (3.9) into equation (3.8), we get

n

Z m(m—1)cl X" % + Z(n2 —m?)c? x™ =0,

m=0 m=0

or equivalently

n—2 n
Z(m + 1)(m + 2)cp , X" + Z(n2 —m?)c! x™ = 0.
m=0 m=0

Equating the coefficients of the various powers of x to zero in equation (3.10), we get

(m+ 1)(m+2)
= — pE— Contn m=20,...,n—2.

m

Since we know that ¢ = 2"~ it follows from equations (3.11a) and (3.11b) that

n _
Cpk41 =0

cZ—zk = (=" nn—1)...(n—=2m+1)

m!(n—1)(n—-2)...(n —m)

n—2m—1

It should be noted that all the coefficients in 7},(x) are integers.
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In terms of the original variable x, the series expansion in equation (3.3) becomes

f)=3y0+ > wTe(x). (3.13)

k=1

Thus, the function f can be expanded in a series of Chebyshev polynomials with a good rate of
convergence. If we truncate this series at k = N, we obtain an N-th order polynomial approx-
imation to f. The error in this approximation can be approximated by the first neglected term
yN+1Tn+1(x). Since the Chebyshev polynomials oscillate uniformly over the interval [—1, 1],
the error is very uniformly distributed over the interval. By way of contrast, polynomial approx-
imations obtained by truncating a Taylor series expansion have a very small error near zero that
increases rapidly away from zero.

Since the cosines cos k6 satisfy the orthogonality relation
/ coskfcoslfdbd =0 k #1, (3.14)
0

it follows by the change of variable x = cos 6 that the Chebyshev polynomials satisfy the weighted
orthogonality relation
' T () T (x)

-1 A1—=x2

The coefficients yx in the Chebyshev expansion are given by

dx =0k #1. (3.15)

. 1
Ve = %/0 f(cosB)cosk db = % 9 f(X)Tk(X)%- (3.16)

In view of the definition of 7},(x) in equation (3.5), many of the trigonometric identities have their
counterpart in Chebyshev polynomials. For example, the trigonometric identity

cos Acos B = 3[cos(A + B) + cos(4 — B)] (3.17)
leads to the Chebyshev polynomial identity
T () Tn(x) = 3[Tn40(x) + Timn| (X)]. (3.18)
Another useful identity for Chebyshev polynomials is
Tm(Tn(x)) = Tmn(x). (3.19)
To see this, we can write the definition of 7, as
T(X) = cosmf where 6 = cos™ %. (3.20)

If we let
% = T,(x) =cosnf where 6 =cos !x, (3.21)
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then
6 = cos ' cosnf =nf and Tn(Tn(x)) = cos(mnB) = Tpp(x) (3.22)

as was to be proved.

Sometimes it is more convenient to work with the interval [0, 1] instead of the interval [—1, 1].
Suppose f is an infinitely smooth function on the interval [0, 1]. Let us make the change of

variable
1 +cost , 0

cos =2x —1 or X = cos” — (3.23)
2 2
and define o
I + cos
¢(0) = f(—2 ) (3.24)
We can expand ¢ (6) in a fast convergent Fourier cosine series
o0
P(0) = %yo + Z Vi cos k6. (3.25)
k=1
We define
T (x) = coskf. (3.26)
Then the series in equation (3.25) can be written
o0
) =3y + > T (). (3.27)
k=1
The coefficients in this series are given by
2 (7 1 +cosé 4 ! . dx
Ve = —/ f(—) coskf df = —/ )T (x) —. (3.28)
T Jo 2 7T Jo ST V1 —x2
clearly, 75 (x) = 1 and 77" (x) = 2x — 1. Moreover, 7T, (x) satisfies the recursion relation
T (x) =22x — DT (x) — T_; (x). (3.29)

Thus, T (x) is a polynomial of order k whose highest power of x has the multiplier 2%k=1 [ > 0.
T (x) is called a shifted Chebyshev polynomial. Clearly, 7,* is related to Ty by T;" (x) = Tx(2x —
1). Since T»(x) = 2x2? — 1, it follows from equation (3.19) that

T (x*) = T (2x* = 1) = Ti(Ta(x)) = Tor(x). (3.30)

If T, (x) has the polynomial representation

Tr(x) =) dpx™ (3.31)
m=0
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then it follows from equation (3.30) that

n 2n n
Tr(x?) =) dnx® =Toyu(x) =Y ' x" =Y comx™™. (3.32)
m=0 m=0 m=0

Therefore, the polynomial coefficients are related by

dl =c3h. (3.33)

m

Other finite intervals can be reduced to [—1, 1] or [0, 1] by a linear change of variable.

3.2 Clenshaw’s Summation Formula

We have seen that the trigonometric functions cos n6 and the Chebyshev polynomials 7}, (x) satisfy
two term recurrence relations. Clenshaw (1962) developed an efficient method for summing series
involving functions that satisfy a two term recurrence relation [2]. Suppose we wish to compute
the sum

N
() =" cge(x) (3.34)
k=0
where the functions ¢, (x) satisfy the recurrence relation
Gn+1(x) = an (X)Pn(X) + Bu(X)Pn—1(x). (3.35)
We calculate the sequence yy, ..., ¥ by the recurrence

YN+2 = YN+1 =0
Yk = ozk(x)yk.H + ,3k+1(X)yk+2 + ¢k k=NN-1,...,1. (3.36)

Solving equation (3.36) for ¢ and substituting the result into equation (3.34), we obtain

f(x) = ynon(x)
= +[ynv-1 —an-1(X)yn]pn-1(x)
= +[ynv—2—an—2(xX)yn-1 — Bn-1(X) yN]PN-2(X)
= +[ynv-3 —an-—3(X)yn—2 — Bn-2(X) yn-1]pN—3(X)
=+

—+
= +[y2 — @2(x)y3 — B3(x) yal2(x)

= +[y1 — a1 (x)y2 — B2(x) y3]e1(x)
= +co + B1(x)y2 — B1(x)y2lpo(x). (3.37)
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It can be seen from equation (3.37) that the terms multiplying each yx (k = N, ..., 2) sum to zero
in view of the recurrence relation (3.35). Thus, we are left with

f(x) = y191(x) + [co + B1(x) y2]po(x). (3.38)

This summation method is a generalization of the nesting method commonly used to evaluate
polynomials.

3.3 Telescoping Power Series

In general it is very difficult to get the coefficients of a Chebyshev series using the integral ex-
pressions in equations (3.16) and (3.28). In this, section we will describe another way to obtain
approximate Chebyshev expansions. Suppose we are given a polynomial approximation to a func-
tion f defined on [0, 1], i.e.,

f(x) =ap+aix+-+ayx". (3.39)
This may have been obtained, for example, by truncating a Taylor series. In defining the shifted

Chebyshev polynomials 7,*(x) we obtained the relation x = cos® 6/2. Using this relation, we can
compute the powers of x as follows

(ei0/2+e—i0/2)2n
B 2
2 2n 2n\1
= cosnO—I—<1)cos(n—l)9+---+<n)§i|
2 [, AW 1({2n), .,
= Tn(x)—l—<1)Tn_l(x)+---+5<n)T0(x)i|. (3.40)

The first six powers of x are given by

3
N
S
| D

1 =T, (x)
T +TW
23T+ ATr) + T30
. 1075 (x) + 15T1*(x§;—|— 675 (x) + T3 (x)
o 35T (x) 4+ 56T (x) + 252;%“2*()6) + 875 (x) + T, (x)
5= 12675 (x) + 21077 (x) + 12OT2*£)8+ 45T (x) + 10T, (x) + T3 (x)
6 46275 (x) + 792T (x) + 4957 (x) + 35(2)8T3* (x) + 66T, (x) + 12T2(x) + T (x)
204
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Substituting the expressions for the various powers of x into equation (3.39) and rearranging terms,
we can obtain an expansion of f(x) in terms of the shifted Chebyshev polynomials. The higher
order terms in this expansion often have small coefficients and can be neglected with little loss of
accuracy. In this way we can obtain a lower order polynomial approximation with almost the same
accuracy.

Example 4. Let f(x) be defined by
f(xX)=1—x+x%—x>+x*—x> 4+ x°. (3.41)

You might recognize this as the truncated Taylor series expansion of 1/(1 + x). Substituting the
expressions for the powers of x in terms of the shifted Chebyshev polynomials 7,"(x) into the
above polynomial and rearranging terms, we obtain

f(x) =ao+a1T](x) + -+ aecTe (x) (3.42)

where the coefficients a, are given by

n an
0| 0.81542969
1 | -0.05468750
2 | 0.16357422
3| 0.05078125
4 | 0.02050781
51 0.00390625
6 | 0.00048828

Figure 3.1 shows the effect of dropping x® in equation (3.41) and Figure 3.2 shows the effect of
dropping the T (x) term in equation (3.42). Clearly, dropping x® in equation (3.41) leads to large
errors, whereas dropping the 7" (x) term in equation (3.42) makes very little difference. Figure 3.3
shows the effect of dropping both the 7 (x) and the 7 (x) terms in equation (3.42). Again the
resulting approximation is quite good. Figure 3.4 shows the effect of dropping the 7, (x), the
TZ(x), and the T¢ (x) terms in equation (3.42). In this case we can see some deviation of the
approximation.

Although this telescoping method allows us to express f(x) in terms of lower order polynomials,
we do not increase the accuracy. If the polynomial f(x) is an approximation to some function,
the Chebyshev approximations obtained in this way will have no better accuracy than the original
polynomial. In this example the polynomial f(x) is a poor approximation to 1/(1 + x).
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f(x)

f(x)

drop x° exact

1.0 ‘

0.8 |

0.6 -
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0.0 0.2 0.4 0.6 0.8

Figure 3.1: The effect of dropping x® in polynomial defining f(x)

Chebyshev (0-5) exact

1.0

1.0 ‘

09|

0.8 |-

0.6 -

05 | | | |

0.0 0.2 0.4 0.6 0.8

Figure 3.2: The effect of dropping 7, (x) term in expansion of f(x).
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Chebyshev (0-4) exact

f(x)

05 | | | |
0.0 0.2 0.4 0.6 0.8 1.0

Figure 3.3: The effect of dropping 7" (x) and 7,7 (x) terms in expansion of f(x).

Chebyshev (0-3) exact

f(x)

05 | | | |
0.0 0.2 0.4 0.6 0.8 1.0

Figure 3.4: The effect of dropping 7, (x), 72 (x), and T (x) terms in expansion of f(x).
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3.4 The Lanczos Tau Method

Lanczos developed the t method to obtain polynomial approximations to functions y(x) that are
solutions of a linear differential or algebraic equation having coefficients that are rational functions
of x. By multiplying through by an appropriate polynomial, differential or algebraic equations of
this type can be reduced to ones having polynomial coefficients. The Tau Method makes use
of Chebyshev polynomials to obtain an even error distribution over the interval of interest. It is
applicable to many of the standard functions used in mathematical physics. We will illustrate the
method with an example. Consider the function f(x) = 1/(1 4+ x) on the interval [0, 2]. Since the
shifted Chebyshev polynomials are defined on [0, 1], we will instead work with the scaled function
y(x) = f(2x) = 1/(1 + 2x) on [0, 1]. This function satisfies the differential equation

(I+2x)y"+2y=0 (3.43)

on the interval [0, 1] with the initial condition y(0) = 1. One of the standard ways of solving
equations of this type is to substitute a power series representation of y into the differential equation
and to obtain a recurrence relation for the power series coefficients. Assume y has a power series
representation

y(x) = Zanx”. (3.44)
n=0

Substituting this power series expression into equation (3.43), we obtain

o o o
E na,x" ' +2 E na,x" + 2 E anx =0
n=1 n=1 n=0

or equivalently

oo

Z(n + Day+1x" + 2inanx” + 2ianx” =0.. (3.45)

n=0 n=1 n=0

Equating the coefficients of each power of x to zero, we obtain

ai + 2a0 = O (3463)
(n+ Dapy1 +2(n+ a, =0 n=12,... (3.46b)

Since y(0) = 1, it follows that ap = 1. The remaining coefficients a, can be computed using the
recurrence relations in equation (3.46). This leads to the power series representation

1

=1-2 2x)2 —(2x)3 +.... 3.47
5 ox X+ (2x)" — (2x)” + (3.47)

y =
Suppose we truncate the power series and consider the polynomial approximation
N
y(x) =) apx". (3.48)
n=0
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Substituting this polynomial into the differential equation, we get

N N N
E na,x" ' +2 E na,x" + E apx" =0
n=1 n=1 n=0

or equivalently

N-1 N N
Z(n + Dappx" 1+ 2Znanx” + 2Zanx” = 0. (3.49)
n=0 n=1 n=0
Equating the coefficients of each power of x to zero, we obtain
a;+2ag=0 (3.50a)
(n+ Day41 +2(n+ 1)a, =0 n=12,...,N—1 (3.50b)
2(N + 1)ay = 0. (3.50¢)

We obviously can’t require that equation (3.50c) hold for this would force all the a, to be zero.

Since this equation comes from setting the coefficient of the N-th power of x to zero, Lanczos had

the idea of putting an error term on the right hand side of the differential equation that has the form
N .

xV, ie.,

(1+2x)y" 42y = xV, (3.51)
If we substitute our polynomial into this equation, we obtain
a;+2ag=0 (3.52a)
(n+ Dayy1 +2(n+ a, =0 n=12,...,N —1 (3.52b)
2(N + lay = . (3.52¢)
Starting with ap = 1, we can compute ay,...,ay using equations (3.52a)—(3.52b). The error

coefficient t can then be computed from equation (3.52c). This gives the truncated Taylor series
expansion of y(x) and a t value of 2(N + 1)(—2)". This t value is quite large since we are going
past the radius of convergence of the Taylor series.

The problem with an error term of the form rx? is that the error is very small near x = 0, but
increases rapidly near x = 1. Lanczos noted that we could use any polynomial of degree N
in place of x"V for the error term. A polynomial with evenly distributed values over [0, 1] is the
Chebyshev polynomial Ty (x). With this choice, the approximate differential equation becomes

(14+2x)y" +2y = tTH(x). (3.53)
If
N
Th(x) =Y enx", (3.54)
n=0
then substituting the polynomial expression for y into equation (3.53) gives
ap + 2ag = tcév (3.55a)
(n+ Dayi +200+ Day =t¢y n=12,...,.N—1 (3.55b)
2(N + l)ay = tcy. (3.55¢)
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We can obtain ay as a multiple of t from equation (3.55¢). Starting with this expression for ay
we can obtain ay_1, ..., a; as multiples of t from equation (3.55b). Since ap = 1 and a; is now
a known multiple of 7, we can solve equation (3.55a) for r. Having 7, all the a, can then be
determined. For N = 6 we obtain an approximation

y(x) =ag+ayx + -+ agx® (3.56)

where the coefficients are given by

n an
0 | 1.0000000
1 | -1.9938266
2 | 3.7654114
3 | -5.8022753
4| 6.0731987
5-3.6123115
6 | 0.9030779

and T = 0.0061734. This approximation along with the exact expression are plotted in figure 3.5.
In this plot the x values have been scaled to the interval [0,2]. The relative error is plotted in
figure 3.6. Notice that we have obtained a good polynomial approximation of 1/(1 + x) beyond
the radius of convergence of the Taylor series expansion. The technique we have illustrated is
known as Lanczos’ tau method. It can be used to obtain polynomial approximations to many of
the important functions in mathematical physics.

In some problems it will be necessary to use more than one error term with corresponding t factors.
Consider, for example, the initial-value problem

(1+x*)y'+y=0 with y(0)=1. (3.57)

We will approximate y by a polynomial in x, i.e.,

N
y(x) = Zanx”. (3.58)
n=0
Substituting this polynomial expression into equation (3.57), we get
N N N
Znanx”_1 + Znanx’“rl + Zanx” =0 (3.59)
n=1 n=1 n=0
or equivalently
N-1 N+1 N
Z(n + Day1x™ + Z(n — Da,—1x" + Zanx” = 0. (3.60)
n=0 n=2 n=0
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Figure 3.6: Relative error for tau method approximation of y(x) = 1/(1 + x)
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Equating the coefficients of each power of x to zero, we obtain

ar+ap=0 (3.61a)

2a,+a, =0 (3.61b)

n+ Dapy1+(m—Day—1 +a, =0 n=12,...,N —1 (3.61c¢)
(N —-1Dany-1+anv =0 (3.61d)

Nay = 0. (3.61e)

We obviously can’t require that equations (3.61d) and (3.61e) hold, since that would force all of
the a, to be zero. Since equations (3.61d) and (3.61e) come from equating coefficients of x*V and
xN+1 we could put an error term of the form

T1 T;(x) + T2T1$+1(x)

on the right-hand-side of the differential equation (3.57). However, it is simpler and almost as
effective to use an error term of the form

Ty (x)(t1 + 12x).
Thus, the modified problem becomes
1+ x*)y +y =Tr(x)(t1 +12x)  with  y(0) = 1. (3.62)

If Ty (x) has the form shown in equation (3.54), then the coefficients a, must satisfy

ay +ag = tlcév (3.63a)

202 +a; = ‘E1C{V + ‘L'2C(1)V (363]3)

n+ Dapy1 +m—Day— +a, = tlc,iv + tzc,iv_l n=12,...,N—1 (3.63¢)

(N —Day—i + ay = tich + tach_, (3.63d)

Nay = . (3.63¢)

Using equations (3.63d) and (3.63e), we can express ay and ay—_; as linear combinations of t;
and 7,. Equation (3.63c) can then used to express ay—_», ..., a; as linear combinations of 7; and
7p. Since ap = 1, equations (3.63a) and (3.63b) become a system of two equations that can be
solved for 7 and 7,. Having t; and 7,, we can then go back and get a;, ..., ay. Often the number

of tau factors that are needed can be reduced by a change of variable. It is rare when more than
two tau factors are needed. The tau method can also be applied to algebraic equations such as

(x+1)y=1.

3.5 Operational Approach to Tau Method

Following Lanczos’ introduction of the Tau Method, a number of authors have presented modi-
fications and alternative approaches [1,5,9,10]. Clenshaw, instead of using expansions in terms
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of powers, developed solutions in terms of sums of Chebyshev polynomials directly [1]. He ex-
panded the highest order derivative in terms of Chebyshev polynomials and then used recursion
relations for integrals of Chebyshev polynomials to generate lower order derivatives. In most cases
this method is not simple to implement and will not be discussed here. Ortiz, a student of Lanczos,
developed an operational approach to the tau method that greatly simplified its implementation in
software [10]. I will summarize the operational approach in this section. It is called an operational
method since it replaces the differential equation problem by a problem in matrix algebra.

A differential equation with polynomial coefficients can be written as

d'y
- = 0. 3.64
T (3.64)

Dy =Y pi(x)
i=0

We seek to approximate the solution of this differential equation along with the following set of
auxiliary conditions

Je(y) = sk k=1,...,v. (3.65)

Here each f% is a linear functional (linear function mapping functions into real numbers) operating
on y. The usual boundary and initial-value conditions can be put in this form. We will attempt to
solve the differential equation problem in terms of sums involving a set of independent polynomials
vo(x), v1(x), ... where the polynomial v (x) has order k. Possible choices for these polynomials
are the Chebyshev polynomials or the Legendre Polynomials. Let y, denote the approximate
solution

Vn(X) = aovo(x) + ar1vi(x) + -+ + apva(x). (3.66)

Let N be the highest power of x occurring in Dy,(x). If N < n, we set N = n. For example,
substitution of the polynomial y,(x) of order n into the differential operator x>y’ — 2y, results
in a polynomial of order n + 2. Thus, in this case, N = n 4 2. In the material that follows we
will only consider polynomials of order less than or equal to N. The reason we defined N so that
N > n is that we will require that the polynomial y, (x) of order n satisfy the auxiliary conditions
of equation (3.65) as well as approximating the solution of the differential equation. Equation
(3.66) can be written in the matrix form

yn(x) = af v, (3.67)
where a, and v are the (N + 1)-vectors given by
T _ T _
al = (ag,ai,...,a,,0,...,0) and v’ = (vo(x), v1(x),..., N (X)) (3.68)

and the superscript 7' denotes matrix transpose. The next step is to represent differentiation of
polynomials and multiplication of polynomials by powers of x as matrix operations. If p(x) is the
polynomial

p(x) =ap + a1 x + - + apx”, (3.69)

then we can write this polynomial in the matrix form

p(x) =a’ x, (3.70)

35



where a and x are the N 4 1 vectors given by
ozT=(oz0,oz1,...,ozn,0,...,0) and X =(1,x,x2,...,xN). (3.71)

It follows that

d 2 n—
Ep(x) = o + 202x + 303x” + -+ + noyx

=alAx, (3.72)
where A is the matrix
0 0 O 0
1 0o 0 --- 0
A=|0 2 0 - 0} (3.73)
0 0O N O
It follows by induction that
dk
T p(x) =al AFx. (3.74)

Similarly

xp(x) = aox + a1 x* + -+ + g, x" !

=o' Mx, (3.75)
where M is the matrix
1 0 0
M=|: 1 0ol (3.76)
0 -+ - 0
Again, it follows by induction that
xkp(x) —a'MFx. (3.77)

The operations of multiplication by x and differentiation can be combined as follows

o d/ . . o
¥'— p(x) =x'alAx =al’ A’ M'x. (3.78)
dx’
We will now apply the above results to the approximation y,(x). The polynomials vo(x), ..., vy (x)

involved in the definition of y, are independent and the polynomial vk (x) has order k. Therefore,
there is a nonsingular lower triangular matrix V' such that

v=Vx. (3.79)
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For the Chebyshev polynomials the matrix V' is given by

1
0 1
-1 0 2

v=|"y 5 o 4 . (3.80)

Let us denote the m-th row of V by V,,. and let V.,,, denote the m-th column of V. The polynomials
vk (x) can be written as

vr(x) = (Ve )x k=0,...,N. (3.81)
Therefore, it follows that
4l 4l 4l
xlw yn(x) = aox’ W Uo.(x) + e anxlm UI.V(X)
= Cl()V(). A'M'x + -4 Cann. A'M'x
=al’VA'M'x =a"VA'M'V 1. (3.82)

In view of equation (3.82), we have

Dy, =a"V ) A'p(M)V'v. (3.83)
i=0
If we define )
m=v>y Ap MV
i=0
then equation (3.83) can be written

Dy, = a’ My
= (aT M.o)vo(x) + - + (aT I n)vn (). (3.84)
We will require that y, satisfy the v auxiliary conditions given in equation (3.65). Thus,
Jie(yn) = fk(zaivi) = Zaifk(vi) = Sk k=0,...,v. (3.85)
i=0 i=0
This gives us v linear equations for the unknown coefficients ay, . .. ,a,. We need n + 1 equations
to determine these coefficients. To get the remaining n — v + 1 equations we set
a'lly=a",=--=a"M,_,=0 (3.86)
in equation (3.84). Equations (3.85) and (3.86) give us n + 1 linear equations that completely
determine the coefficients ay, ..., a,. With this choice of coefficients y, satisfies
Dy = (@ Mp—ps1)Vp—v1(x) + - + (@ ILy) vy (x). (3.87)
The coefficients multiplying the polynomials v, —,4+1(x), ..., vy (x) on the right-hand-side of equa-

tion (3.87) are Lanczos’ tau values. This operational approach is quite easy to implement on a
computer.
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3.6 Generalized Tau Method

The tau method is only directly applicable if the coefficients of the given differential or algebraic
equation are rational functions of x. Consider a general linear differential equation

Dy =0 (3.88)

on the interval [0,1]. We want to approximate the solution of this equation by a polynomial y, of
the form

p
yp(x) = Z anx". (3.89)
n=0

As in the standard tau method we replace the right hand of equation (3.88) by an error term of the
form
T;(x)(fl + X + -0+ .L-mxm—l)'

Thus, equation (3.88) is replaced by
Dy = Ty(x)(t1 + T2x + -+ + T ). (3.90)

The polynomial y, has p + 1 unknown coefficients ag, ay, ... , a,. If there are v initial or boundary
conditions given, then there are p + 1 — v free parameters at our disposal. Weset N = p +1—v
in equation (3.90). We substitute y, into equation (3.90) and require that the resulting equation

Dy, = Tr(x)(t1 + T2x + -+ + Tx™ 1) (3.91)

be satisfied at the N zeroes of Ty (x). The right-hand-side of equation (3.91) is zero at these N
evaluation points. This gives us N linear equations in the coefficients ag,aq,...,a, that along
with the v initial or boundary conditions provides a set of p + 1 linear equations to be solved for
the p + 1 coefficients. The zeroes xi of Ty (x) are given by

_ 1 +cos[(2k — )z /(2N)]
B 2

Xk k=12,...,N. (3.92)

4 Fourier Integral

The Fourier integral represents a function / (defined on the real line) by

h(t):/oo H(f)e'> /'t df 4.1)
where =
H(f) = / h(t)e 271 4. (4.2)

The functions 7 and H are called a Fourier transform pair. The Fourier integral exists if / is
absolutely integrable on the real line and is of bounded variation on every finite subinterval.
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4.1 Properties of Fourier Transforms

It is easily shown that the Fourier transform has the properties shown in the table below:

Table 4.1: Properties of Fourier Transforms

If... then...

h(t) is real H(-f)=H(f)
H(-f) = W h(t) is real

h(t) is imaginary H(—f)=—-H(f)
H(—f)=—H(f) h(t) is imaginary

h(t) is even

H(f)iseven

h(t) is odd

H(f)isodd

h(t) is real and even

H(F) is real and even

h(t) is real and odd

H(F) is imaginary and odd
h(t) is imaginary and even
H(F) is imaginary and even
h(t) is imaginary and odd
H(F) is real and odd

h(t) =df(t)/dt

h(t) = h(at)

H(f)= H(0f)

h(t) = h(t —10)
H(f)=H(f = fo)

h(t) = [° (gt —1)de
H(®)=F(H)G(f)

H(f)iseven

h(t) is even

H(f)isodd

h(t)is odd

H(F) is real and even

h(t) is real and even

H(F) is imaginary and odd
h(t) is real and odd

H(F) is imaginary and even
h(t) is imaginary and even
H(F) is real and odd

h(t) is imaginary and odd
H(f) = i2xf F(f)

H(f) = H(f/a)/al

h(t) = h(t/b)/ 16|

H(f)=e 0 H(f)
h(t) = et h(r)
H®=F(H)G()

ht) = [%, f(D)gt—1)de

In these formulas, a bar over a quantity indicates complex conjugate.
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4.2 Relation of Fourier Transform to Fourier Series

The Fourier transform of 4 is given by

(e8]
H(f) = / h(t)e 2"/ 4. (4.3)
—00
On the interval [—L, L], h has the Fourier series expansion
w .
I’l(t) — Z anelnrrt/L (44)
n=-—00
where
1t .
a, = —/ h(t)e i mniL gy, 4.5)
L)t
Comparing equations (4.3) and (4.5), we see that
n 00 ) —L )
La, = H(—) — / h(t)e "ML gp — / h(t)e i mntL gy, (4.6)
2L L —00

If h is absolutely integrable, the integrals on the right-hand-side of equation (4.6) can be made
arbitrarily small for sufficiently large L. It is in this sense that the Fourier series coefficients a,

can be used to approximate the Fourier transform at the frequencies 5.

4.3 Asymptotic Behavior

In physical problems we usually have /(¢) = 0 for ¢t < 0. In this case

oo

H(f) = /0 h(t)e 271 4. 4.7)

If & is sufficiently smooth and converges sufficiently rapidly to zero as t — oo, we can integrate
equation (4.7) by parts three times to obtain

_ h(0) h'(0) h"(0) 1
i2nf + (i2mf)? + (@2nf)3  (i2nf)3

We can see from equation (4.8) that the behavior of H( f) for large f is related to the behavior
of h(t) for small ¢. Thus, high frequency approximations can often be used to obtain small time
approximations and vice versa.

H(f) / h B (1)e 27T g (4.8)
0

4.4 Input-Output Relations

In many linear problems it is easier to solve the problem in the frequency domain than in the time
domain. This is due largely to the fact that time derivatives become algebraic expressions in the
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frequency domain. The inverse Fourier transform can be used to relate the solution in the time
domain to the solution in the frequency domain. In such problems we are often able to relate an
output frequency function G( f) to and input frequency function F( f) by a linear relation

G(f) = R(NHF(S). (4.9)

The function R(f) is called a transfer function. Relations of this type are common in electric
network problems. The Fourier transform of this relation is given by

g(t) = /_ Kit—1)f(r)dr (4.10)
where -~
K(t) = / R(f)e'* /" dr. 4.11)

The function K(t) is called the impulse response since it is the output obtained from a delta func-
tion input. Since the output at time ¢ can’t depend on the input at times greater than ¢, it follows
that

K(t)=0 fort < 0. (4.12)

Thus, .
g(t) = / Kt —1)f(r)dr. (4.13)
—00
If the input f(¢) is zero for ¢ < 0, then
t
g(t) = / Kt —1)f(r)dr. (4.14)
0
Taking the inverse transform of equation (4.11) and using the relation in equation (4.12), we obtain
w .
R(f) = / K(1)e 2™/t 4. (4.15)
0

Let A and B be the real and imaginary parts of R, i.e.,

R(f) = A(f) +iB(f). (4.16)

Then, it follows from equation (4.15) that
o0
A(f) = / K(t)cos(2rft) dt (4.17)
0
and

B(f) = —/Ooo K(t)sin(2r ft) dt. (4.18)
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It is clear from equations (4.17) and (4.18) that A(f) is even [A(—f) = A(f)] and B(f) is
odd [B(—f) = —B(f)]. Writing equation (4.11) in terms of A and B and using the symmetry
properties of A and B, we obtain

K() = 2/000 A(f)cos(2rft)dt —2/00 B(f)sin(2rft) dt. (4.19)

0

It follows from equation (4.12) that

/oo A(f)cosQnu ft)dt — /oo B(f)sin2rft)ydt =0 fort < 0. (4.20)
0 0

Replacing ¢ by —¢, we obtain the relation

/oo A(f)cos(r ft)dt + /oo B(f)sin2rft)ydt =0 fort > 0. (4.21)
0 0

Combining equations (4.19) and (4.21), we get

K() = 4/0Oo A(f)cosQrft)dt = —4/0Oo B(f)sin(2r ft) dt. (4.22)

Thus, the impulse response can be obtained from either the real or the imaginary part of the transfer
function R. However, the convergence properties of the integrals in equation (4.22) can be very
different.

4.4.1 Calculation of Impulse Responses

The impulse response is generally zero for 1 < 0, jumps to a finite value at t = 0, and decays
rapidly to zero as ¢t — oo. In order to approximate the impulse response it will be necessary to
truncate the response at some 77 > 0. We will choose T so that K(7') = 0. If we expand K in a
Fourier series on the interval [0, T'], the series will be slowly convergent [like 1/n] because of the
jump at t = 0. Since the Fourier series coefficients approximate the Fourier transform, the Fourier
transform converges slowly [like 1/f]. In many problems an asymptotic analysis gives us the value
Ky of K att = 0. We can use this information to improve the convergence. Define

K(1) = K(1) — Koe™®  forz >0 (4.23)

where « is chosen so that the exponential term is approximately zero at t = 7. The function K
is zero at 1 = 0 and is approximately zero at = 7. Thus, we can obtain 1 /n> convergence by
extending K to [T, T] as an odd function. The Fourier transform R of the extended function K
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is given by
A o0 A .
R(f) = / K(t)e 2/ 4t
—00
o0 R ) o0 R .
=/ K(t)e i/t dt—/ K(t)e'*™ /" dt
0 0
o0 A .
=2iImag/ K(t)e 72/t dt
0

o0 00
= 27 Ima K(t)e—ﬁﬂft dt — 2iK0 Ima e—(xte—i2nft dt
& g
0 0

47TKOf

=2iImagR(f)+im.

(4.24)

Thus, given R(f), we can compute R( f) from equation (4.24). Taking the inverse transform of
R(f) gives us K(t). We can then calculate K(¢) from equation (4.23).

The application of this technique to a problem in acoustics is illustrated in figure 4.1 [12]. Here we
have the pressure response due to an impulse acceleration of a radiating surface element. Notice
that the response is zero for negative time, jumps to a finite value at time zero, and then decays to
zero at large times. Figure 4.2 shows the same time response computed by numerically performing
an inverse Fourier transform of the frequency response without employing the modifications sug-
gested in this section. Notice that the response is not as smooth and doesn’t have the right behavior
for small times. Since there is a jump at time zero, the inverse Fourier transform converges to the
average of the right and left hand limits (0.5 in this case).
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normalized impulse response

—0.2 I I ! !
0 1 2 3 4 5

normalized time

Figure 4.1: Pressure impulse response computed by the method described in this section.

1.0

normalized impulse response

—0.2 I I ! !
0 1 2 3 4 5

normalized time

Figure 4.2: Pressure impulse response calculated by a direct inversion of the frequency
response.
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5 Discrete Fourier Transform

The Discrete Fourier Transform (DFT) does not involve functions of a continuous variable as is the
case with Fourier Series and Fourier Transforms, but only involves a finite set of data points. For
this reason it plays a dominant role in fields such as digital signal processing. We will see that the
DFT can be interpreted as an approximation to Fourier Series and Fourier Transforms, but it is also
a legitimate transform in its own right. It has many properties that are analogous to its continuous
counterparts. However, the derivation of these properties is much simpler in the discrete case. We
will find some cases, such as the connection of the DFT with finite order rotational symmetry,
where the DFT produces an exact answer and not an approximation.

5.1 Interpolation and the Origin of the DFT

As was mentioned in the introduction, the Discrete Fourier Transform arose in planetary orbit
interpolation problems. Suppose that a planetary orbit of interest lies in a plane and let us choose
an origin such as the earth or the sun. Let 6 be an angular variable around the origin and let r(6)
be the distance from the origin to the planet at the angle 6. Clearly r(6) is periodic with period
27. Suppose we attempt to interpolate r(6) by a function 7(6) of the form

N N
7(0) =a0+Zancosn9 +ancosn9, 5.1

n=1 n=1

i.e., we seek to interpolate r(6) by a trigonometric sum. The function 7 can also be written in the
exponential form

N
F(0) = Z cme'™? (5.2)
m=—N
where c_,, is the complex conjugate of ¢,,. Suppose we have 2N + 1 observations that are equally
spaced in angle. We will denote the observation angles by 6y, ..., 6,5 where
2k
= — k=0.....2N

2N +1

and the observed values by rg, ..., ryny. Since 7 is an interpolation formula, it must coincide with

the observed values at the observation points, i.e.,
F(Or) =r(Or) = i k=0,...,2N, (5.3)

and hence that

N N
Tk = Z cme' ™0 = Z et 2Tmk/ N +1) k=0,...,2N. (5.4)
m=—N m=—N
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The complex exponential in equation (5.4) is periodic in m with period 2N 4 1. Let us extend
the sequence c_y,...,cy to a periodic sequence with period 2N + 1. Then we can allow m in
equation (5.4) to range over any set of 2N + 1 consecutive integers. In particular,

2N
e = Z cpe!2™mk/@N+) e — 2N, (5.5)

m=0
If we define M = 2N + 1, then equation (5.5) can be written

M-1
e = Z cpei2mmk/M k=0,....M—1. (5.6)

m=0

The coefficients ¢, are the solution of the system of linear equations (5.6). We will show that the
complex exponentials satisfy a discrete orthogonality condition that simplifies the solution of this
system of equations. Let

sm(0) = e™?. (5.7
Then
M-1 % M 1— ei2n(m—n)
k=0

=M m=n (5.8b)

where the overbar denotes complex conjugate. Here we have used the following expression for the
sum of a geometric sequence

M-
(1—xMy/(1 - 1
Z xM)/(I=x) x# (5.9)
o x = 1.
This expression for the sum of a geometric series can easily be derived as follows:
LoLetS =Y xk =14 x4+ x> 4 XML
2. Then xS = x + x2 4 --- + xM~1 4 xM
3. Subtracting xS from S, we get (1 — x)S = 1 — xM (the other powers of x cancel).
4. Aslong as x # 1 we can solve for S and obtain § = (1 —x™)/(1 — x).
5. Clearly Y2 ' x¥ = M when x = 1.
The system of equations (5.6) can be written
M—1
re= Y Cmsm(@) k=0,....M-1 (5.10)
m=0
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Using the orthogonality relations in equation (5.8) , we obtain

M-1 M-1 M-1
D k() = ) em ) sm(O)sa(Or) = Mey (5.11)
k=0 m=0 k=0
or
M-1
Mc, = Z rre 2EnkIM (5.12)
k=0
Once we have computed ¢y, ..., cpr—1 using equation (5.12), then the values c_, in equation (5.4)

can be obtained using the periodicity of the sequence ¢,. In view of equation (5.6), we have

M-1
1 .
ne= - > Mcyem kM, (5.13)
n=0
In equation (5.12) we say that Mcy, ..., Mcpy—; is the Discrete Fourier Transform (DFT) of
ro,...,rm—1. Likewise, in equation (5.13) we say that rg, ..., rapr—1 is the Inverse Discrete Fourier
Transform of Mcy, ..., Mcp—1. In general, the DFT of a sequence xo, ..., xy—1 is written
N-1
Xp= ) xme 2N =0, N-1 (5.14)
m=0
and the Inverse DFT is written
| Nt
_ i2rmn/N _ _
xm—N;Xne m=0,...,N—1. (5.15)

Equations (5.14) and (5.15) can be written in the matrix form

X =FEx
x=EX/N
where E is the matrix with components
Epp = e 12mn/N mn=20,....,N—1,

X is a column vector with components X}, and x is a column vector with components x,. Clearly
E/N is the inverse of E. Since the complex exponentials e*27""/N are periodic with period N,
the DFT has a natural periodic extension of period N, i.e., X,+xny = X. In this way we see that
X n—k corresponds to X_g.

We have looked at interpolation in terms of sums of complex exponentials. In practice, the function
to be interpolated is often an even function which leads to an interpolation function involving only
cosines. In particular, we will see later on that interpolation by Chebyshev polynomials is based
on cosine series interpolation. We can define odd functions in the discrete case as those sequences
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in which x_y = xy_x = Xxx. Suppose we are given samples Xy, ..., xy of a function x. We can
extend this sequence to an even sequence of length 2N as follows

XoN—k = Xk fork=1,...,N — 1. (5.16)

The DFT of this extended sequence is given by

2N-—1 2N-—1
X, = Z X 12Tmn/2N Z e FmnIN G — 0, 2N — 1. (5.17)

Using the relation in equation (5.16), it follows that

N 2N -1
Xn — Z xme—inmn/N + Z xme—inmn/N
m=0 m=N+1
N 1
— Z xme—inmn/N + Z sz_me—in(ZN—m)n/N
m=0 m=N—1
N N—-1
— Z xme—inmn/N + Z xme+inmn/N
m=0 m=1
N—-1
= [xo—I—(—l)”xN] +2mecos(nmn/N). (5.18)
m=1

We define the Discrete Cosine Transform (DCT) X 0reves X N—1 by

N—-1
X, = %[xo + (—1)"xn] + Z Xmcos(mmn/N) n=20,...,2N — 1. (5.19)

m=1

Clearly, )?n = X, /2. It follows from equation (5.18) that the sequence X, is also even, i.e.,
Xon—n = X,. Taking the inverse DFT of the sequence X,,, we obtain

2N-—1
Z X,etmmn/N - — 0. 2N — 1. (5.20)

Since X, is an even sequence it follows that

N-1
X = Xo+ (=)™ XN]—I—%’;chos(nmn/N)
o) R R N-1
- N{%[X0+(—1)mx,v] +3 ncos(nmn/N)} m=0,...2N—1.  (521)

ol

We take equation (5.21) as the definition of the Inverse Discrete Cosine Transform. Notice that the
inverse DCT has the same form as the DFT except for the for the factor 2/N.
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Getting back to the interpolation problem, the above results suggest that we choose an interpolation
function of the form

N
x(0) = Z cp cosnb. (5.22)
n=0
Since x(6) must coincide with x,, at 0 = 6,, = wm/N, we have
N
Xm = ch cos(mmn/N) m=20,...,N. (5.23)
n=0

It follows from equations (5.19), (5.21) and (5.23) that

L. 1 N-1
Co = NXO = N[%(XO +xn) + mZ:lxm] (5.24a)
L. 1 N—-1
ev = Ky = N{%[Xo + (=D ] + ’;(—l)mxm} (5.24b)
_ 2y 2N % Ni N =1,....N—1
cn—N n—N{z[x0+(_ )xN]—l—m:lxmcos(nmn/ )} n=1,...,N—1.

(5.24¢)

Thus the coefficients in the interpolation formula (5.22) can be obtained using the Discrete Cosine
Transform. There are fast algorithms for computing the DFT that are called FFT (Fast Fourier
Transform) algorithms. Similarly, there are fast algorithms for computing the DCT that make use
of FFT algorithms.

5.2 Properties of the DFT

In this section we will look at some of the properties of the Discrete Fourier Transform. Many of the
properties have analogs in the continuous case, but some of the properties are unique to the discrete
case. Since the complex exponentials e*27™"/N in equations (5.14) and (5.15) are periodic with
period N, the sequence Xy, ..., xy—1 and its transform Xy, ..., Xxy—_; can be extended in a natural
way to periodic sequences of period N. In the properties that follow, it will be assumed that the
sequences involved have been extended to periodic sequences of period N. In the definitions of the
DFT and its inverse, the summations run from 0 to N — 1. However, because of the periodicity, the

same result would be obtained if the index was allowed to range over any N consecutive integers.

Units The exponential terms that appear in the definitions of the DFT and its inverse are unitless.
Sometimes it is useful to introduce units into the discussion. A common case is to identify m and n
with time and frequency. Let the times fy, ... ,fy—; be defined by 1, = mAt, m =0,..., N — 1,
where At is a specified time increment. To keep the exponential terms dimensionless we define
frequencies fo,..., fn—1 by fu =nAf,n=0,...,N — 1, where Af = 1/(NAt). Then

+i2armn/N — +i2n(mAt)n/(N At) — e:l:i2nfntm

e e
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The frequency increment is the reciprocal of the total time span NAz. Similarly, the time increment
is the reciprocal of the total frequency span NAf. In other problems different units might be
appropriate. They can be introduced in the same way.

Real Sequences Suppose xo, ..., xy—1 is areal sequence. Then the DFT X of x has the property
N-1 N-1

X—n — XN—n — Z xme—12nm(—n)/N — Z xme12nmn/N — X_n (525)
m=0 m=0

That is, the components of X for plus and minus n are complex conjugates of each other.

Even and Odd Sequences Suppose x is an even sequence, i.e., X_, = X, for all n. Then the
DFT of x has the property

N—-1
X _ X ei2nmn/N
-n = E m
m=0

0
— § : xme12nmn/N
m=—(N-1)

N—-1
—i2rmn/N

X_me

2 3
- o

—i2gmn/N _ X

Xme n»

3
Il
S

i.e., the DFT of an even sequence is also an even sequence. Applying the same type of argument
to odd sequences (x—, = —Xj), it can be shown that the DFT of an odd sequence is also odd.
Combining these results with the previous result for real sequences, we see that the DFT of a real
and even sequence is real and even, and the DFT of a real and odd sequence is imaginary and odd.

Shift Theorem Suppose we have a sequence of values xo, ..., xy—1. Consider the sequence y,,
defined by
VYm = Xm—k m=20,...,N—1 (5.26)
for some fixed integer k. Taking the DFT of the y,, sequence, we get
N-1 N-1
Y, = Z yme—iZTrmn/N — Z xm_ke—iZTrmn/N
m=0 m=0
N-1-k N-1
— Z xme—i2n(m+k)n/N — e—i2nkn/N mee—iZTrmn/N — e—i2nkn/NXn' (5.27)
m=—k m=0

Thus, shifting the index m in the original x,, sequence by k results in multiplying the transform
component X,, by the exponential factor e ?27%"/N This result is called the Shift Theorem.
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Convolution Theorem If xo,...,xy—; and yyp, ..., yny—1 are two sequences of length N, then
we define their convolution x ® y by

N-1
(x® y)n = Z XmYn—m- (5.28)
m=0

Because of the periodicity of x and y, this convolution is sometimes called circular convolution or
cyclic convolution. Making a change of index in equation (5.28), we see that

N-1 n N-1
@Y= Xm¥nm= D XnkVk= Y XnkVk=(y® X, (5.29)
m=0 k=n—N+1 k=0

e, x ® y = y ® x. Let us now look at the DFT of x ® y. Let

N-1
Zm = (X®Y)m =) XkVmtk- (5.30)
k=0
Then, the DFT of z is given by
N-1
Zn — Zme—i2nmn/N
m=0
N-1N-1
— xkym_ke—iZHmn/N
m=0 k=0
N-1 N-1
— Xk ym_ke—i2nmn/N
k=0 m=0
N-1
=Y xpe 27kn/Ny  (by the shift theorem)
k=0
= XnY,. (5.31)

Thus, the DFT of x ® y has the components X,Y,, n = 0,..., N — 1. This result is called the
Convolution Theorem. We can use this theorem to construct an alternate method for evaluating
circular convolutions. We can take the DFT of the sequences x and y, multiply corresponding
components of X and Y, and then take the inverse DFT of the result. This method works fine
when dealing with periodic functions, but in practice this is seldom the case. Let x and y be
infinite sequences such that x, = 0 forn < Oandn > N,and y, =0forn <Oand N > M. We
define a non cyclic convolution x * y by

oo
(x*y)y = Z XmYn—m-

m=—0o0

Although we have allowed the index in the summation to go from —oo to oo, only a finite number
of the terms are nonzero. Moreover, (x % y), is only nonzero forn = 0,..., M + N. This type of
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convolution arises in a number of circumstances. In signal processing it arises in connection with
time-limited or approximately time-limited sequences. Many digital filters can be represented
by convolutions of this type in which one of the sequences represents a sampled signal and the
other represents the impulse response of the filter. Another interesting application concerns the
multiplication of two polynomials. Let p(x) and ¢g(x) be the two polynomials

p(x) =ap+aix + -+ ayx™

q(x) = bo + bix + -+ + byx" (5.32)
and let r(x) be their product. r(x) can be written in the form
r(x) =co+c1x 4+ eppnx™V. (5.33)

The coefficients ¢, of r(x) are given by
o0
en=(axb)y= > ambym (5.34)
m=—oQ
where we have defined a, to be zero outside the range 0 < n < M and b, to be zero outside the
range0 <n < N.

It turns out that we can evaluate noncyclic convolutions using cyclic convolutions if we add an
appropriate numbe